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INTRODUCTION 

Since the 1980s, Value-at-Risk (VaR) assumes a central place in risk 
management and nowadays in different regulations. Both Solvency 
II and Bale III require the use of this risk measure to calculate capital 
requirement. This measure is now widely used and is part of risk 
managers’ common language. However, it is not as simple as it 
seems. 

For Value-at-Risk, as it is often the case with mathematical objects, 
the theoretical definition can (and should) be interpreted several ways 
in practice. One must be aware of the consequences of choosing 
one interpretation or the other.

This article compares several interpretations of the theoretical VaR. 
It highlights with concrete examples differences due to using one 
definition or the other. And these differences are not small enough to 
be ignored!

It is easy to understand the practical meaning and usefulness of VaR: 
to be as cautious as the 99.5% VaR level means to be able to cover 
the 199 best scenarios out of 200. The initial mathematical definition 
is precise in a continuous case. Indeed, let F be the underlying 
distribution function, Value-at-Risk of level α is defined as: 

VaRα= F-1(α)=inf{x : F(x) ≥ α}

However, in a discreet framework, its interpretation is ambiguous. 

Insurance companies have to assess accurately the risk they face; 
consequently it is crucial for them to have the best VaR estimate.

An aspect of this problem has already been researched. Beder in 
her 1995 article « VaR: Seductive but dangerous » presented eight 
calculation models adapted to finance. Beder compared them and 
showed that “VaRs are extremely dependent on parameters, data, 
assumptions and methodology” and can therefore provide different 
results (especially in capital requirement calculations for insurers). 
Her research was based on assets portfolio.

In the Solvency II context and contrary to Beder’s research framework, 
the horizon is fixed and correlations assumptions are given by the 
directive. 
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Two levers are however available:

g The sample size; which corresponds to the simulations
produced by the model. It is adaptable but it has a cost in 
computation time.

g The methodology to calculate VaR in a discrete framework, 
which is not defined by regulation.

The way one chooses to calculate VaR has a measurable impact 
on SCR (Solvency Capital Requirement). In this article we will show 
that the dilemma actuaries are facing is to significantly increase  
simulation count or, if impossible, to carefully choose the method.
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1THE DIFFERENT CALCULATION METHODS 

A simple question? 

Let’s suppose that we have 100 ordered simulations. Which 
element corresponds to the 99.5% VaR level? The 100th 
element? The 99th? An element between the 99th and the 
100th?

In his paper “Sample quantiles in statistical packages”, 
Hyndman gave nine ways to calculate a quantile. The first 
one is the method that is the most used in practice. But is it 
the best one? 
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Hyndman’s answer to this “simple” question

The following table sums up the nine definitions proposed by 
Hyndman:
Q Definition Comments
Q1

= Round up
Inverse of the empirical 
distribution function. The 
oldest and most studied 
function.

Q2

 Q3 Xk , where k is the nearest 
even integer to α n

Corresponds to the nearest 
even integer to α n.

Q4 Interpolation of the step 
function Q1

Q5 Midway through each step 
of Q1

Old definition, popular 
among hydrologists.

Q6 Derived from the 
L-estimator with L=E

Distribution-free

Q7 Derived from the 
L-estimator with L=mode

Distribution-free

Q8 Derived from the 
L-estimator with L=median

Distribution-free and 
median-unbiased of order 
o(n-1/2) (Reiss 1989).

Q9 Derived from the 
L-estimator with L=E

Mean-unbiased for normal 
distributions. Better for the 
normal distribution.

 Step functions
g Continuous functions
α denotes the risk-level and n the sample size
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How to compare these different VaR definitions?

We isolated three criteria, based on which we compared 
these definitions impacts:

g Impact on SCR
g Caution criterion: is the calculation method as cautious as 

required by Solvency II?
g Volatility criterion: making the assumption that it is better 

to work with the definition that gives the least volatile 
results.

Our tests were performed with different simulation counts 
and the most common distributions. For the impact on SCR, 
tests were done only with the lognormal distribution in order 
to meet the Solvency II calibration objective.
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2IMPACT ON SCR

The Value-at-Risk definition choice has a measurable impact on the 
SCR, especially on simulations count. In this section, tests are made 
in order to highlight and measure this impact. These tests are done 
on a lognormal distribution, so that the calibration objective defined 
in Solvency II is met. The distribution parameters have been chosen 
in order to be consistent with those of an average company: the tests 
are done with σ=10%.

We consider the premium and reserve risk capital requirement which is:

Standard Formula       Internal Model

CR =   3 * σ * V  =  (VaR99.5%-E(Y)) * V

We study the relative difference between SCR obtained with both 
approach: the standard formula and the internal model for each VaR 
calculation methods. Our conclusions won’t change if we set the 
volume to 1.



Tests results

The following graph highlights the profit or loss in SCR for 
each definition:

Fig.1: VaR methodology impact on SCR (percent).

The first fact that we notice is the 4.5% gap between the 
standard formula simplification and the theoretical value.
Regarding the different methodologies, the obtained results 
differences really are significant for little simulation count, 
lower than 3 000:

g If we compute the capital requirement with expression Q3, 
Q4 or Q7, results can be 10% lower than the standard 
formula and 6% lower than the theoretical value. 

g Q6 definition returns results that are particularly cautious, 
up to 6% higher that the theoretical value.

The higher the simulation count, the smaller the differences: 
beyond 5 000 simulations, VaR method has no impact.
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Conclusion

If simulation count is larger than 5 000, VaR calculation 
method has no impact on SCR. Given that these simulation 
counts are rarely reached in most models, the lever at 
actuary’s hand using for instance 1 000 simulations will be in 
considering different methods.

With usual simulation count, lower than 3 000, the different 
methods return various results.
Q3, Q4 and Q7 can lead to a significant SCR decrease.
Alternatively, Q6, Q8 and Q9 definitions will return over-
cautious SCR compared to theoretical values.
Q2 and Q5 definitions seem to be interesting for SCR 
calculations; we obtain results close to the theoretical value.

This graph shows also that, even for larger simulation count, 
the “profit” in SCR by using an internal model is around 4%, 
which is not insignificant. 



3WHICH DEFINITIONS RESPECT 
THE SOLVENCY II REQUIRED CAUTION?

In sections 3, 4 and 5 tests are done on a classical distributions set. 
We choose those distributions in order to have both heavy-tailed 
and sharp-tailed distributions and also discrete and continuous 
distributions. The considered distributions are:

g Binomial (0.70)
g Exponential (2)
g GPD (0; 1; 0.10)
g Lognormal (0; 1.50)
g Poisson (4)

First observations

The nine studied definitions are summarized in paragraph 
page 5. Before making any tests, we can easily see that we 
always have :

Q4≤Q1≤Q2                       for all n

Q2 is therefore always more cautious than Q1, which is itself 
more cautious than Q4. For other definitions, it depends on 
simulation count.

Results on simulated data

For each distribution, we observe the percentage of scenarios 
the calculated Value-at-Risk is “covering” compared to the 
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VaR theoretical value. To meet caution criteria, Value-at-Risk 
has to be greater than 99.5% of the data. 
The following graphs present the scenarios percentage 
covered for each VaR calculation methodology:

Fig.2: Binomial (0.70).

Fig.3: Exponential (2).

Fig.4: Poisson (4).



Fig.5: GPD (0;1;0.10).

Fig.6: Lognormal (0;1.50)
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Conclusion

If the simulation count is greater than 3 000, all methods are 
equivalent in terms of caution. However, if the model has 
less simulations (which is often the case), actuaries have to 
consider used VaR calculation method.

We observe that for all distributions we have a first group 
made of Q1, Q2, Q5, Q6, Q8 and Q9, that provides the same 
results and a second one with Q4 and Q7.

For all distributions, the results for Q4 and Q7 are not 
satisfactory: those definitions provide VaR that don’t cover 
always 99.5% of the data in lower sample sizes.

Therefore, the best distributions regarding the criterion 
“Caution” are Q1, Q2, Q5, Q6, Q8 and Q9.

 



4THE LEAST «VOLATILE» DEFINITION

In this part, we focus on the volatility between different values obtained 
during the thousands of tests made. This volatility is calculated per 
distribution and per calculation method.

Results on simulated data

We are interested here in the volatility between different VaR 
for each definition and each distribution. The obtained results 
can be found in the following graphs:

Fig.7: Binomial (0.70).

Fig.8: Exponential (2).
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Fig.9: GPD (0;1;0.10).

Fig.10: Lognormal (0;1.50).

Fig.11: Poisson (4).



Comments and conclusions

First, we see that the simulation count has – again – a major 
impact. Above 3 000 simulations, volatility is contained 
whatever the method. On the other hand, if simulation count 
is low, volatility can be important; with disparities between 
methods.

The tests realized above lead us to say that Q7 and Q4 are 
the best definitions regarding volatility criterion. In second 
position, we can point out Q3 and in third position Q1.

The worst definition regarding this criterion is Q6. The second 
worst are Q8 and Q9.
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CONCLUSIONS AND DIRECTIONS FOR FUTURE 
RESEARCH

VaR are many, contrary to a somewhat false feeling prevailing in the 
industry or in discussions. The calculation method choice for VaR 
has consequences when it comes to Solvency II calculations. 

In an environment where simulation count is often limited, caution, 
volatility and SCR amount can vary according to the selected method. 
In applying different methods, actuaries can adapt their results to 
different goals (caution, volatility reduction…).



The following table sums up each definition impacts in terms of 
caution and volatility for limited simulation count:

Q Definition Caution
appetence

Volatility

Q1 Round up - Inverse of the empirical 
distribution function. The oldest and 
most studied function.

Medium Medium

Q2 Medium Medium

 Q3 Xk , where k is the nearest even inte-
ger to α n

High Medium

Q4 Interpolation of the step function Q1 Low Low

Q5 Midway through each step of Q1 Medium Medium

Q6 Derived from the L-estimator with 
L=E

Medium High

Q7 Derived from the L-estimator with 
L=mode

Low Low

Q8 Derived from the L-estimator with 
L=median

Medium Medium

Q9 Derived from the L-estimator with 
L=E

Medium Medium
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In this paper, we have not covered all VaR calculation methods, there 
exists several other methodologies that could return different results. 
There are generally considered more “exotic”, using kernel estimators, 
Berstein polynomials, bootstrap, entropy, and so on. 

We have chosen the most common VaR definitions in this paper, but it 
is clear that some specific cases could require other types of definitions.

We believe the presented definitions scope to be a good start for us a good 
start for an actuary searching  a VaR method better fitted to its company 
policies and to the simulation count practicably achievable in his model.
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